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Abstract
Since the energy momentum tensor of a magnetic field always contains a spin-2 component
in its anisotropic stress, stochastic primordial magnetic field (PMF) in the early universe must
generate stochastic gravitational wave (GW) background. This process will greatly affect the
relic gravitational wave (RGW), which is one of major scientific goals of the laser interferometer
GW detections. Recently, the fifth science (S5) run of laser interferometer gravitational-wave
observatory (LIGO) gave a latest upper limit ΩGW < 6.9 × 10−6 on the RGW background.
Utilizing this upper limit, we derive new PMF Limits: for a scale of galactic cluster λ = 1
Mpc, the amplitude of PMF, that produced by the electroweak phase transition (EPT), has to
be weaker than Bλ ≤ 4× 10−7 Gauss; for a scale of supercluster λ = 100 Mpc, the amplitude
of PMF has to be weaker than Bλ ≤ 9 × 10−11 Gauss. In this manner, GW observation has
potential to make interesting contributions to the study of primordial magnetic field.
PACS numbers: 95.85.Sz, 04.30.Tv, 04.80.Nn
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1. Introduction
Although the magnetic fields in galaxies and galactic clusters have been observed for many years [1],
the origin of these magnetic fields still remains a mystery. One of the most promising candidate origins is
the primordial magnetic field (PMF) produced in the early universe [2]. Such a seed field can be produced
by the inflation [3, 4, 5], or by the electroweak phase transition (EPT) [6, 7, 8]. In the past, PMF has been
constrained mainly by using their various effects on cosmic microwave background (CMB) anisotropies
and polarization [9, 10, 11, 12, 13, 14]. Based on the Faraday rotation of CMB linear polarization caused
by PMF, Kahniashvili et al [15] utilized the 5-year WMAP (WMAP5) B-mode polarization limit to give an
upper limit on the amplitude of PMF: Bλ ≤ 6× 10−8 Gauss on a scale λ = 1 Mpc. Besides, Kristiansen
and Ferreira [16] forecasted the constraints on PMF from future CMB polarization experiments. On the
other hand, a stochastic PMF itself can generate the relic gravitational wave (RGW) background [17, 18].
This is because the energy momentum tensor of a magnetic field always contains a spin-2 component in its
anisotropic stress. Utilizing the nucleosynthesis limit on gravitational wave (GW), Caprini and Durrer [19]
gave extraordinarily strong constraints on the amplitude of PMF: for PMF produced by EPT, Bλ ≤ 10−27
Gauss; and for PMF produced by inflation, Bλ ≤ 10−39 Gauss. In addition, Giovannini and Kunze [20] gave
a comprehensive treatment of the PMF’s effects on CMB maps, and obtained a constraint Bλ ≤ 5×10−9
Gauss by using the WMAP5 B-mode polarization limit.
Laser interferometer GW detection is one of the most important approaches to detect the RGW. Using
LIGO S4 data and cross-correlation technique [21], LIGO scientific collaboration [22] gave an upper limit
ΩGW < 6.5 × 10−5 on the total energy density of RGW. In addition, LIGO scientific collaboration and
ALLEGRO collaboration [23] also gave an upper limit Ωgw(ν) ≤ 1.02 on the stochastic GW background.
Especially, in a latest work, using LIGO S5 data, LIGO scientific collaboration and Virgo collaboration [24]
gave a latest upper limit ΩGW < 6.9× 10−6, which improves LIGO S4 result for one order of magnitude.
So in this work, we shall give the constraints on PMF by using the latest LIGO S5 result. For the PMF,
we shall focus on that produced by EPT. As seen below, it yields a level spectrum of RGW in the range
(10−2 − 104) Hz, which covers the bands of operation of LIGO. PMF can also be produced by inflation.
However, since the PMF produced by inflation affects the RGW only in very high frequency range v ≥ 109
Hz that is out of the bands of operation of LIGO, we will not discuss this class of PMF. Our work differs
from previous papers in the following two aspects: First, in previous papers [19, 20], PMF is directly
treated as the source of RGW. However, RGW has already existed before the EPT. That is to say, if one
treated the PMF produced by EPT as the source of RGW, a lot of important information about ultra-early
universe, such as inflation and reheating, will be lost. Therefore, for a complete treatment, the PMF
produced by EPT should only be viewed as a subsequent factor that affect the RGW, which is adopted
in our work. Second, in previous papers, only the nucleosynthesis limit [19] and the WMAP5 B-mode
polarization limit [20] have been used to constrain the RGW and to give the constraint on PMF. Since the
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laser interferometer GW detection is also a crucial approach to detect RGW, it would be very interesting
to give a constraint on PMF by using the data of current GW detection. To our present knowledge, this
issue has not been investigated before. So in this work, we shall give new limits on the amplitude of PMF
by using the latest LIGO S5 data.
The organization of this paper is as follows. In section 2, from the inflationary stage up to the
accelerating stage, the scale factor a(τ) is specified by the continuity conditions for the subsequential
stages of expansion. In section 3, the analytical solution of RGW is determined with the coefficients being
fixed by continuity condition joining two consecutive expansion stages. In particular, the important impact
of PMF produced by EPT is included into our calculation. In section 4, we calculate the spectrum h(ν, τ0)
and the one-sided spectral density Sh(ν) of RGW, and then give the theoretical predictions of RGW, which
can be directly compared with the latest LIGO data. In section 5, by comparing the theoretical predictions
of RGW with LIGO S5 data, we give the constraints on the amplitude of PMF. Several technical derivations
are deferred to two appendices. It should be noted that, our conventions are different from that of Ref.
[19]: the scale factor a(τ) has the unit of cm, while the conformal time τ and the co-moving distance x
do not have units. Besides, Greek indices run from 0 to 3, Latin indices run from 1 to 3, the subscript
“0” always indicates the present value of the corresponding quantity, and the unit with c = h¯ = kB = 1
is used.
2. Expansion History of The Universe
From the inflationary stage up to the currently accelerating stage, the expansion of the Universe can
be described by the spatially flat Robertson-Walker spacetime with a metric
ds2 = a2(τ)[−dτ2 + δijdxidxj]. (1)
The scale factor a(τ) for the successive stages can be approximately described by the following forms [25]:
The inflationary stage:
a(τ) = l1|τ |1+β , −∞ < τ ≤ τ1, (2)
where 1 + β < 0, and τ1 < 0. This generic form of scale factor is a simple modelling of inflationary
expansion, and the index β is a parameter. If the inflationary expansion is driven by a scalar field, then
the index β is related to the so-called slow-roll parameters, η and ǫ [26], as β = −2 + (η − 3ǫ) . In this
case one usually has β ≤ −2. In addition, the WMAP5 data combined with Baryon Acoustic Oscillations
and Type Ia supernovae give ns = 0.960
+0.014
−0.013 (95% CL) [27]. Base on the relation ns = 2β +5 [28, 29],
the inflation index β = −2.02 for ns = 0.960.
The reheating stage:
a(τ) = az|τ − τp|1+βs , τ1 ≤ τ ≤ τs, (3)
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where τs is the beginning of radiation era and τp < τ1. As usual, the model parameter will be taken as
βs = −0.3 [30, 31].
The radiation-dominant stage:
a(τ) = ae(τ − τe), τs ≤ τ ≤ τ2. (4)
This is the stage during which the EPT produces PMF. We use τew to denote the starting time of EPT:
τs < τew < τ2. The corresponding energy scale is T ∼ 100 GeV. As seen below, the wave equation of
RGW is still homogeneous for τ < τew, but becomes inhomogeneous for τew < τ < τ2.
The matter-dominant stage:
a(τ) = am(τ − τm)2, τ2 ≤ τ ≤ τE , (5)
where τm < τ2 and τE is the beginning time of the acceleration era.
The accelerating stage:
a(τ) = lH |τ − τa|−γ , τE ≤ τ ≤ τ0, (6)
where τ0 is the present time and τ0 < τa. The index γ in Eq.(6) depends on the present fractional dark
energy ΩΛ. By fitting with the numerical solution of the Friedmann equation [29, 30, 31],( a′
a2
)2
=
8πG
3
(ρΛ + ρm + ρr), (7)
where a′ ≡ da/dτ , one can take γ ≃ 1.044 for ΩΛ = 0.75. The redshift of the start of this stage depends
on the specific models of the dark energy. For instance, in the ΛCDM model with ΩΛ = 0.72 and
Ωm = 0.28, it starts at z ≃ 0.37; and in the 3-loop Yang-Mills condensate dark energy model [32], it
starts at z ≃ 0.5.
In the above specifications of a(τ), there are five instances of time, τ1, τs, τ2, τE, and τ0, which separate
the different stages. Four of them are determined by how much a(τ) increases over each stage based on
the cosmological considerations. As in [29, 30, 31], we take the following specifications: ζ1 ≡ a(τs)a(τ1) = 300
for the reheating stage, ζs ≡ a(τ2)a(τs) = 1024 for the radiation stage, ζ2 ≡
a(τE)
a(τ2)
= 3454ζ−1E for the matter
stage, and ζE ≡ a(τ0)a(τE) = (
ΩΛ
Ωm
)1/3 for the present accelerating stage. The remaining time instance is fixed
by an overall normalization
|τ0 − τa| = 1. (8)
Notice that this convention of normalization is different from that of Ref. [19]. There are also 12 constants
in the expressions of a(τ), among which β, βs and γ are imposed as the model parameters, for the inflation,
the reheating, and the acceleration, respectively. Based on the definition of the expansion rate H0 =
a′
a2 |τ0
of the present universe , one has lH = γ/H0. Making use of the continuity conditions of a(τ) and of
a(τ)′ at the four given joining points τ1, τs, τ2 and τE , all parameters are fixed as the following:
τa − τE = ζ
1
γ
E ,
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τE − τm = 2
γ
ζ
1
γ
E ,
τ2 − τm = 2
γ
ζ
−
1
2
2 ζ
1
γ
E ,
τ2 − τe = 1
γ
ζ
−
1
2
2 ζ
1
γ
E ,
τs − τe = 1
γ
ζ−1s ζ
−
1
2
2 ζ
1
γ
E ,
τs − τp = 1
γ
(1 + βs)ζ
−1
s ζ
−
1
2
2 ζ
1
γ
E ,
τ1 − τp = 1
γ
(1 + βs)ζ
−1
1+βs
1 ζ
−1
s ζ
−
1
2
2 ζ
1
γ
E ,
τ1 =
1
γ
(1 + β)ζ
−1
1+βs
1 ζ
−1
s ζ
−
1
2
2 ζ
1
γ
E ,
τew = 2.75 × 10−11(τ2 − τe)− τe, (9)
and
am =
lH
4
γ2 ζ
−(1+ 2
γ
)
E ,
ae = lH γ ζ
−
1
2
2 ζ
−(1+ 1
γ
)
E ,
az = lH γ
1+βs |1 + βs|−(1+βs)ζβss ζ
βs−1
2
2 ζ
−(1+ 1+βs
γ
)
E ,
l1 = lH γ
1+β |1 + β|−(1+β)ζ
β−βs
1+βs
1 ζ
β
s ζ
β−1
2
2 ζ
−(1+ 1+β
γ
)
E . (10)
In the expanding Universe, the physical wavelength λ is related to the co-moving wave number k by
λ ≡ 2πa(τ)
k
, (11)
and the wave number k0 corresponding to the present Hubble radius is
k0 =
2πa(τ0)
1/H0
= 2πγ. (12)
There is another important wave number involved
kE ≡ 2πa(τE)
1/H0
=
k0
1 + zE
, (13)
whose corresponding wavelength at the time τE is the Hubble radius 1/H0. In the present universe the
physical frequency ν corresponding to a wave number k is given by
ν =
1
λ
=
k
2πa(τ0)
=
H0
2πγ
k. (14)
3. Analytical solution of RGW
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In the presence of the gravitational waves, the perturbed metric is
ds2 = a2(τ)[−dτ2 + (δij + hij)dxidxj ], (15)
where the tensorial perturbation hij is a 3× 3 matrix and is taken to be transverse and traceless
hii = 0, hij,j = 0. (16)
The wave equation of RGW is
∂ν(
√−g∂νhij(τ,x)) = 0, (17)
where g is the determinant of the 4-dimensional metric gµν . One can decompose hij into the Fourier
modes as
hij(τ,x) =
∑
σ
∫
d3k
(2π)3
ǫσijh
(σ)
k (τ)e
ik·x , (18)
where k is co-moving wave vector, σ denotes polarization states +,×, and ǫ(σ)ij is the polarization tensor.
Since RGW is isotropic, Eq. (17) reduces to
hk
′′(τ) + 2
a′(τ)
a(τ)
hk
′(τ) + k2hk(τ) = 0. (19)
where the co-moving wave number k is the Euclidean length of k. For each polarization, ×, +, the
equation of h
(σ)
k is the same, so the super index (σ) can be dropped from h
(σ)
k . Since for all the stages of
cosmic expansion the scale factor can be approximately described by a power-law form
a(τ) ∝ τα, (20)
the solution to Eq. (19) is a linear combination of Bessel function Jν and Neumann function Nν
hk(τ) = x
(1/2)−α[a1Jα−(1/2)(kτ) + a2Nα−(1/2)(kτ)], (21)
where the constants a1 and a2 can be determined by the continuity of hk and of h
′
k at the joining points
τ1, τs, τ2 and τE. However, as mentioned above, during τew ≤ τ ≤ τ2, Eq. (19) will be modified and its
solution will be given later.
The inflationary stage has the solution
hk(τ) = A0l
−1
1 |τ |−(1/2)−β [A1J(1/2)+β(p) +A2J−((1/2)+β)(p)], −∞ < τ ≤ τ1 (22)
where p ≡ kτ and
A1 = − i
cosβπ
√
π
2
eipiβ/2, A2 =
1
cos βπ
√
π
2
e−ipiβ/2, (23)
are taken from [33], and thus the so-called adiabatic vacuum is achieved: limk→∞ hk(τ) ∝ e−ikτ in
the high frequency limit [34]. The constant A0 determined by the initial amplitude of the spectrum is
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independent of k. For kτ ≪ 1, hk(τ) ∝ J(1/2)+β(x) ∝ k(1/2)+β . As seen below, this choice will lead to
the required scale-invariant initial spectrum in Eq. (41).
The reheating stage has the solution
hk(τ) = t
−(1/2)−βs
[
B1J(1/2)+βs(k t) +B2N(1/2)+βs(k t)
]
, τ1 ≤ τ ≤ τs (24)
where t ≡ τ − τp and
B1 = −1
2
π t
(3/2)+βs
1 [kN(3/2)+βs(k t1)hk(τ1) +N(1/2)+βs(k t1)h
′
k(τ1)], (25)
B2 =
1
2
π t
(3/2)+βs
1 [kJ(3/2)+βs(k t1)hk(τ1) + J(1/2)+βs(k t1)h
′
k(τ1)], (26)
with t1 ≡ τ1− τp, and hk(τ1) and h′k(τ1) are the corresponding values from the precedent inflation stage.
The radiation-dominant stage needs to be divided into two parts. The first part of this stage is before
the EPT when τs ≤ τ ≤ τew, the PMF has not been produced yet, so the wave equation of RGW is still
homogeneous with the solution
hk(τ) = y
−(1/2)
[
C1J1/2(k y) + C2N1/2(k y)
]
, τs ≤ τ ≤ τew (27)
where y ≡ τ − τe and
C1 = −1
2
π y3/2s [kN3/2(k ys)hk(τs) +N1/2(k ys)h
′
k(τs)], (28)
C2 =
1
2
π y3/2s [kJ3/2(k ys)hk(τs) + J1/2(k ys)h
′
k(τs)], (29)
with ys ≡ τs − τe, and hk(τs) and h′k(τs) are from the reheating stage. The second part is from the EPT
up to the matter-dominant stage when τew ≤ τ ≤ τ2. During this period the wave equation of RGW is
modified as
h′′ij(τ) + 2
a′(τ)
a(τ)
h′ij(τ) + k
2hij(τ) = 16πGa
2Πij, (30)
where Πij is an anisotropic term contributed by the PMF. Note that the righthand side of Eq. (30) is
different from the Eq. (15) in Ref. [19], this is because we choose a different normalization of scale factor
|τ0 − τa| = 1. As in [19], setting Π(k, τ) = (a0a )2f(k, τ)Π˜(k) (where a0 is today’s scale factor and Π˜(k)
is a time independent random variable with power spectrum 〈|Π˜(k)|2〉 = 1), Eq. (30) can be reduced to
h′′k(τ) + 2
a′(τ)
a(τ)
h′k(τ) + k
2hk(τ) = 16πGa
2
0f(k, τ). (31)
For the PMF produced by EPT, the source is a white noise independent of k [19], and the key function
f can be written as (See Appendix A for detailed derivations)
f(τ) =
B2λ(λ/
√
2)n+(3/2)
2π9/4Γ(n+32 )
kc(τ)
n+(3/2). (32)
Bλ is the amplitude of PMF, λ is the length scale on which cosmic magnetic fields have been observed.
For the PMF produced by EPT, the spectral index n = 2, and kc = 1/ηin with ηin ≃ 4 × 104sec is the
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corresponding cutoff scale [19]. By using the theorem of Wronskian, Eq. (31) can be analytically solved
(See Appendix B for details), and then the effects of PMF can be included into our calculation of RGW.
The matter-dominant stage has the solution
hk(τ) = ς
−(3/2)
[
D1J3/2(k ς) +D2N3/2(k ς)
]
, τ2 ≤ τ ≤ τE (33)
where ς ≡ τ − τm and
D1 = −1
2
π ς
5/2
2 [kN5/2(k ς2)hk(τ2) +N3/2(k ς2)h
′
k(τ2)], (34)
D2 =
1
2
π ς
5/2
2 [kJ5/2(k ς2)hk(τ2) + J3/2(k ς2)h
′
k(τ2)], (35)
with ς2 ≡ τ2 − τm. In the expressions of D1 and D2, the mode functions hk(τ2) and h′k(τ2) are also from
the precedent stage.
The accelerating stage has the solution
hk(τ) = s
(1/2)+γ
[
E1J−(1/2)−γ(k s) + E2N−(1/2)−γ(k s)
]
, τE ≤ τ ≤ τ0 (36)
where s ≡ τ − τa and
E1 = −1
2
π s
(1/2)−γ
E [kN(1/2)−γ(k sE)hk(τE) +N−(1/2)−γ(k sE)h
′
k(τE)], (37)
E2 =
1
2
π s
(1/2)−γ
E [kJ(1/2)−γ (k sE)hk(τE) + J−(1/2)−γ (k sE)h
′
k(τE)], (38)
with sE ≡ τE − τa. So far, the explicit solution of hk(τ) has been obtained for all the expansion stages,
from Eq. (22) through Eq. (36).
4. Theoretical Predictions of RGW
There are three different spectra that are commonly used to describe the stochastic GW background:
the tensor power spectrum ∆2(k, τ), the gravitational wave spectrum h(k, τ), and the energy density
spectrum Ωgw(k, τ). In the early universe, the RGW is usually characterized by ∆
2(k, τ); on the other
hand, the present-day RGW is usually characterized by h(k, τ) or by Ωgw(k, τ). In particular, as pointed
by Grishchuk [25], the spectrum of RGW h(k, τ) can be directly compared with the direct measurements
of Laser interferometer GW detection, and is defined by the following equation [25]:
∫
∞
0
h2(k, τ)
dk
k
≡ 〈0|hij(x, τ)hij(x, τ)|0〉, (39)
where the right-hand side is the expectation value of the hijhij . Calculation yields the spectrum at present
h(k, τ0) =
2
π
k3/2|hk(τ0)|. (40)
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One of the most important properties of the inflation is that the initial spectrum of RGW at the time τi
of the horizon-crossing during the inflation is nearly scale-invariant [25]:
h(k, τi) = A
( k
k0
)2+β
, (41)
where constant A is directly proportional to A0 in Eq. (22), and will be fixed by the observed CMB
anisotropies in practice. Since the observed CMB anisotropies [35] are ∆T/T ≃ 0.37 × 10−5 at l ∼ 10,
as in Refs. [30, 31], we take the normalization of the spectrum
h(kE , τ0) = 0.37 × 10−5r
1
2 , (42)
where kE is defined in Eq. (13), and its physical frequency being νE = kE/2πa(τ0) = H0/(1 + zE) ∼
1×10−18 Hz. The tensor/scalar ratio r can be related to the slow roll parameter ǫ in the scalar inflationary
model as r = 16ǫ [26]. However, the value of r is model-dependent, and frequency-dependent [36, 37].
This has long been known to be a notoriously thorny issue [38]. In our treatment, for simplicity, r is
only taken as a constant parameter for normalization of RGW. The WMAP5 data combined with Baryon
Acoustic Oscillations and Type Ia supernovae give r < 0.20 (95% CL) [27]. For concreteness, we take
r = 0.20.
Next, we shall focus on how the theoretical prediction of RGW is related to the GW experiment. As
pointed by [39],
〈0|hij(x, τ0)hij(x, τ0)|0〉 = 4
∫
∞
0
νSh(ν)
dν
ν
, (43)
where Sh(ν) is the one-sided spectral density of RGW. Base on Eqs. (39), (43), and using Eq. (14) to
change dk/k into dν/ν, one gets √
Sh(ν) =
h(ν, τ0)
2
√
ν
. (44)
The noise level of the detector is measured by the strain sensitivity hn, defined as
hn ≡
√
Sn(ν), (45)
where Sn(ν) is the one-sided spectral density of the detector’s noise. A stochastic GW background will
be observable at a frequency ν if [39]
Sh(ν) > Sn(ν)/F, (46)
where F is the angular efficiency factor determined by the geometry of the detector. For interferometers,
F = 2/5 is always satisfied [39]. Therefore, to compare the theoretical model of RGW with the latest
LIGO data, one needs to calculate
h(ν, τ0)√
10ν
. (47)
In principle, since all the RGW solutions of the 6 cosmic stages are analytic, the analytic expression of
h(ν, τ0) can be written down. However, since this expression is too complex, we only give the numerical
results in this work.
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Figure 1: The spectrum h(ν, τ0) of RGW for various amplitudes Bλ of PMF. PMF will not markedly
affect h(ν, τ0), unless its amplitude is stronger than Bλ ≥ 10−9 Gauss.
5. Results and Discussions
In the following, by comparing our theoretical results with LIGO S5 data, we will give the constraints
on the amplitude of PMF.
In Figure 1, we plot the spectrum h(ν, τ0) of RGW for various amplitudes Bλ of PMF, where the scale
of galactic cluster λ = 1 Mpc is adopted. PMF yields a level spectrum of RGW in the range (10−2− 104)
Hz, which covers the bands of operation of LIGO. For a larger amplitude Bλ, this level spectrum of RGW
will also be higher. It is seen that PMF will not markedly affect h(ν, τ0), unless its amplitude is stronger
than Bλ ≥ 10−9 Gauss.
Figure 2 is a comparison of the theoretical predictions of RGW with the latest LIGO S5 data [24].
Again, a scale of galactic cluster λ = 1 Mpc is adopted in this comparison. The three fluctuating curves
are the RGW’s theoretical prediction of Bλ = 10
−5 Gauss, Bλ = 10
−6 Gauss, and Bλ = 10
−7 Gauss,
respectively. The dashed line is the latest lower limit given by the LIGO S5 run [24]. Here the vertical axis
is the strain sensitivity, given by Eq. (47). We find that for the scale of galactic cluster λ = 1 Mpc, the
amplitude of PMF has to be weaker than Bλ ≤ 4× 10−7 Gauss.
Now, let us turn to the case of PMF with a scale of supercluster. Figure 3 is a comparison of the
theoretical predictions of RGW with the latest LIGO S5 data, where the scale of supercluster λ = 100
Mpc is adopted. The three fluctuating curves are the RGW’s theoretical prediction of Bλ = 10
−9 Gauss,
Bλ = 10
−10 Gauss, and Bλ = 10
−11 Gauss, respectively. The dashed line is the latest lower limit given
by the LIGO S5 run [24]. It is found that for the case of λ = 100 Mpc, the amplitude of PMF has to be
weaker than Bλ ≤ 9× 10−11 Gauss.
In this paper, we present new PMF limits by using LIGO S5 data. Compared with the constraints from
the nucleosynthesis limit [19], our results are much closer to that from the WMAP5 B-mode polarization
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Figure 2: Comparison of the theoretical predictions of RGW with the latest LIGO S5 data, where
the scale of galactic cluster λ = 1 Mpc is adopted in this comparison.
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Figure 3: Comparison of the theoretical predictions of RGW with the latest LIGO S5 data, where
the scale of supercluster λ = 100 Mpc is adopted in this comparison.
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limit [20]. Although our constraints are not as strong as those from CMB observations, future laser
interferometer GW detectors, such as advanced LIGO [40], BBO [41] and DECIGO [42], will be able to
put much tighter constraints on the PMF. In this manner, current and future GW detectors have potential
to make interesting contributions to the study of the PMF.
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Appendix A: Detailed derivations of the key function f
As in Ref. [19], we shall only consider the magnetic fields on sufficiently large scales, and ignore the
impacts come from small scales. We model today’s magnetic field B0(x) as a statistically homogeneous
and isotropic random field. The transversal nature of magnetic field B then leads to
〈Bi(k)B∗j(q)〉 = δ3(k− q)(δij − kˆikˆj)B2(k), (48)
where k and q are co-moving wave vectors, kˆ = k/k, and k =
√∑
i(k
i)2 is the Euclidean length of k.
We use the following Fourier transform conventions
Bj(k) =
∑
k
exp(ix · k)Bj0(x), Bj0(x) =
1
V
∫
d3k exp(−ix · k)Bj(k), (49)
where V =
∫
d3r exp(− r22λ2 ) is the normalization volume (λ is the length scale of cosmic magnetic fields).
On sufficiently large scales, B2(x) =
(
a0
a
)4
B20(x), Bi(x) =
(
a0
a
)
B0i(x), and B
i(x) =
(
a0
a
)3
Bi0(x). If B
is generated by a causal mechanism, it is uncorrelated on super horizon scales,
〈Bi(x, τ)Bj(x′, τ)〉 = 0 for |x− x′| > 2τ. (50)
Notice that the universe is in a stage of standard Friedman expansion when the PMF is produced, so that
the co-moving causal horizon size is about τ . According to Eq. (50), 〈Bi(x, τ)Bj(x′, τ)〉 is a function
with compact support and hence its Fourier transform is analytic, i.e.
〈Bi(k)B∗j(k)〉 ≡ (δij − kˆikˆj)B2(k) (51)
is analytic in k. The Maxwell stress tensor T ij of a magnetic field in real space is given by
T ij(x, τ) =
1
4π
[
Bi(x, τ)Bj(x, τ) − 1
2
gij(x, τ)Bl(x, τ)B
l(x, τ)
]
. (52)
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In Fourier space, making use of Eq. (49) and the scaling of the magnetic field with time, we have
T ij(k, τ) =
1
4π
(a0
a
)6∑
q
[
Bi(q)Bj(k− q)− 1
2
Bl(q)B
l(k− q)δij
]
. (53)
Πij(k, τ) is the transverse traceless component of T ij(k, τ) and sources the RGW, defined as
Πij(k, τ) ≡ (P iaP jb −
1
2
P ijPab)T
ab(k, τ), (54)
where Pij = δij − kˆikˆj is the projector onto the component of a vector transverse to k, and P iaP jb projects
onto the transverse component of a tensor. Here we give the details of the calculation of its correlation
function 〈Πij(k, τ)Π∗lm(k′, τ)〉, which will be used to compute the induced GW. Defining the projector
Pijab = P iaP jb − 12P ijPab, we have
〈Πij(k, τ)Π∗lm(k′, τ)〉 = PijabP lmcd〈T ab(k, τ)T ∗cd(k′, τ)〉. (55)
Note that up to a trace, which anyway vanishes in the projection (55), T ab(k, τ) is just given by
∆ab(k, τ) ≡ 1
4π
(a0
a
)6∑
q
Ba(q)Bb(k− q). (56)
Therefore, we can get
〈Πij(k, τ)Π∗lm(k′, τ)〉 = PijabP lmcd〈∆ab(k, τ)∆∗cd(k′, τ)〉. (57)
Assuming the random magnetic field be Gaussian, the Wick’s theorem for Gaussian fields can be applied
here. Making use of Eq. (48), Eq. (56), and the reality condition B∗a(k) = Ba(−k), products of four
magnetic fields can be reduced as
〈Ba(q)Bb(k− q)B∗c(p)B∗d(k′ − p)〉
= δq,q−k(δ
ab − qˆaqˆb)B2(q) · δ−p,k′−p(δcd − qˆcqˆd)B2(−p)
+δq,p(δ
ac − qˆaqˆc)B2(q) · δk−q,k′−p(δbd − ̂k − qb ̂k − qd)B2(|q− k|)
+δq,k′−p(δ
ad − qˆaqˆd)B2(q) · δk−q,p(δbc − ̂k − qb ̂k − qc)B2(|q− k|). (58)
The first term only contributes an unimportant constant and then can be disregarded. Making use of Eqs.
(56), (57), (58), and setting Pabcd = PijabPijcd = PabijPijcd, one can obtain
〈Πij(k, τ)Π∗ij(k′, τ)〉 = ( a
a0
)4Pabcd〈∆ab(k, τ)∆∗cd(k′, τ)〉
=
(a0/a)
8
16π2
δk,k′
∑
q
B2(q)B2(|k− q|)(1 + 2γ2 + γ2β2), (59)
where γ = kˆ · qˆ, and β = kˆ · ̂k− q. As in Ref. [19], setting
〈Πij(k, τ)Π∗ij(k′, τ)〉 = 4(a0
a
)8f2(k)δk,k′ , (60)
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one can get
f2(k) = (
1
64π2
)
∑
q
B2(q)B2(|k− q|)(1 + 2γ2 + γ2β2). (61)
In a coordinate system where k is parallel to the z-axis, Πij has the form
(Πij) =


Π+ Π× 0
Π× −Π+ 0
0 0 0

 ,
where + and × denote the polarization states of GW. Base on Eq. (60), the statistical isotropy gives
〈|Π+|2〉 = 〈|Π×|2〉 = (a0
a
)4f2. (62)
To continue, we have to specify B2(k). Base on Eq. (49), one gets
〈B0(k)B0(x+ r)〉 = 1
V
∫
d3x
∑
k
∑
k′
e−i(k+k
′)·xe−ik
′
·rB(k)B(k′), (63)
and the normalization is
B2λ =
1
V
∫
d3r〈B0(k)B0(x+ r)〉e−
r2
2λ2 . (64)
As in Ref. [19], we assume that B2(k) can be approximated by a simple power law, i.e. B2(k) = Ckn (C
is a constant). Base on Eq. (64), a tedious but straight forward computation gives
C =
B2λ(λ/
√
2)n
2π5/2Γ(n+32 )
, (65)
and thus
B2(k) =
B2λ(λ/
√
2)n
2π5/2Γ(n+32 )
kn. (66)
Making use of Eqs. (61) and (66), one gets
f2(k) =
B4λ(λ/
√
2)2n+3
32π11/2Γ2(n+32 )
∫
d3q(q)n(|k− q|)n(1+ 2γ2 + γ2β2). (67)
Now let us focus on the PMF produced by EPT. As mentioned above, for this case, and the source is a
white noise independent of k. Utilizing the integration result of Ref. [19], finally we get
f2 =
B4λ(λ/
√
2)2n+3
4π9/2Γ2(n+32 )
k2n+3c , (68)
where the spectral index n = 2, and the corresponding cutoff scale is kc = 1/ηin with ηin ≃ 4 × 104sec
[19]. This leads to the expression of key function f we need in Eq. (31). Note that the expression of f
has subtle difference with that in [19], this is because we use different conventions of dimension.
Appendix B: Exact Analytic Solution of Differential Equation (31)
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As mentioned above, to obtain the solution of RGW during the period τew ≤ τ ≤ τ2, one must solve
the differential equation (31). Follow [19], we can write the mode function as
hk(τ) = hk(τew)χ(u), (69)
where hk(τew) is given by Eq. (27) evaluated at τew, and χ(u) satisfies the following differential equation
χ′′(u) +
2
u
χ′(u) + χ(u) =
s(k, τ)
k2hk(τew)
, (70)
with u ≡ kτ , and s(k, τ) = 16πGa20f(k, τ). The homogeneous solution of Eq.(70) is
χ1(u) =W1
cos(u)
u
+W2
sin(u)
u
, (71)
where the coefficients
W1 = uew cos(uew) + (Wuew − 1) sin(uew), (72)
W2 = uew sin(uew)− (Wuew − 1) cos(uew), (73)
are fixed by the continuity condition of hk and h
′
k at the time instance τ = τew, with uew ≡ kτew, and
W =
B1J3/2[k(τew − τe)] +B2N3/2[k(τew − τe)]
B1J1/2[k(τew − τe)] +B2N1/2[k(τew − τe)]
. (74)
Using the theorem of Wronskian, one can get a special solution of Eq.(70)
χ2(u) =
∫ u
uew
U(sinu cosU − sinU cosu)
k2uhk(τew)
s(k, U)dU. (75)
Therefore, the general solution of Eq.(70) can be written as
χ(u) = χ1(u) + χ2(u), (76)
and thus the solution of hk(τ) at the period τew ≤ τ ≤ τ2 is in hand.
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